We investigate helical single-walled nanotubes of BN and ZnO described with density functional based tight-binding models. The employed objective molecular dynamics computational framework accounts for the helical instead of the translational symmetry and allows for simulating chiral nanotubes as the result of the nanomechanical process of a nearly-axial glide 2 . At large diameters, by comparing the microscopic strain stored in the tube wall with the continuum predictions, we observe the invalidity of the continuum shell idealization of the one-athom thick layer. At small diameters, by comparing the computed Eshelby twist executed by the one-atom thick layers with the one predicted by pure rolling of the mono-layer, we find that a large catalog of nanotubes store intrinsic twists. This unusual intrinsic twist effect is shown to be dependent on chirality and diameter, as part of the general trend to depart from the standard rolled-up construction. While changes in the electronic structures and Young's modulus are dominated by curvature, the shear elastic constants vary both with curvature and chirality.
In addition to carbon nanotubes (CNTs), first reported in 1991 3 , a large number of inorganic NT nanostructures have been synthesized from both layered [4] [5] [6] [7] [8] [9] [10] [11] [12] and non-layered materials [13] [14] [15] [16] [17] [18] . While the inorganic fullerene-like NTs can be typically imagined as layers rolled into cylindrical structures, the NTs made out of non-layered materials are essentially pristine one-dimensional monocrystalline structures possessing a central vacant space. In this paper we focus on two such one-atom thick NTs, made out of BN and ZnO.
Recent experimentation [16] [17] [18] [19] [20] indicates that screw dislocation growth represents a growth mechanism of quasi-one dimensional structures. Such developments renewed the interest in chiral structures other than CNTs. Due to the inherent difficulties encountered at the nanoscale, experimental characterization of these chiral materials is often problematic. Although microscopic simulations are essential tools for investigating infinite crystalline systems, their applicability in NT chiral structures is challenging due to the difficulties associated with handling translational symmetry. It is known that a screw dislocation lying parallel with the axis of a thin rod or a tube, Fig. 1 , is stabilized at a central location by an Eshelby twist 21, 22 . According to elasticity theory, the twist per unit length (twist rate) γ ′ E induced by the presence of an axial screw dislocation in an isotropic thin cylindrical rod or a tube can be expressed in terms of its outer and inner radii (R and r, respectively) and the magnitude of the Burgers vector b as
.
The formation energy per unit length of a screw-dislocated isotropic thin rod or a tube
where G is the shear modulus. The above expression contains three different terms: energy associated with elastic strain field created by the screw dislocation (first term), energy reduction attributed to the Eshelby twist (second term), and surface energy (third term)
of both outer and inner surfaces for non-layered materials (ZnO) or bending energy related with rolling of a sheet into a tube for layered materials (C, BN).
From a continuum perspective, the one-atom thick tube can be represented by shell of a certain thickness, i.e. r = R. Then, the first two terms in eq. (2) bring non-vanishing contributions and the NT total strain energy will contain shear strain. Alternatively, the mono-layer can be represented by a continuum membrane without thickness 23 , i.e. r = R.
Then, the first two terms in eq. (2) Using objective MD and well tested two-center nonorthogonal DFTB models [28] [29] [30] , in this paper we investigate the nanomechanics of screw dislocations in one-atom thick hexagonal layers of BN and ZnO. The motivation for our study is threefold:
Firstly, it is interesting to understand and compare the rolling traits of these two materials as they are representative for the two categories of the currently synthesized helical NTs.
Bulk hexagonal BN is a layered material and BN NTs have been synthesized in both singleand multi-walled forms [6] [7] [8] [9] 11 . Although the majority of obtained tubes displayed zig-zag configurations, helical and armchair BN NTs were also reported. ZnO exhibits a typical wurtzite structure and helical ZnO NTs have been synthesized along the c direction via dislocation-driven growth [16] [17] [18] . Structurally, the thicker-walled ZnO NTs are faceted and display a hexagonal cross-section 14, [16] [17] [18] . The single-wall NTs has a ZnO hexagonal wall and a cylindrical cross-section 31 .
Secondly, single-walled BN and ZnO NTs are analogous to CNTs, with alternating B (Zn) and N (O) atoms substitute for C atoms. They are both isotropic in the linear elastic regime. An (n, m) NT is commonly conceptualized in the literature by the rolled-up construction, which involves pure mechanical rolling of a flat hexagonal-lattice strip along the (n, m)
hexagonal lattice vector into a seamless cylinder 32 . In the unrolled representation, the n and m indices represent the components of the circular circumference vector C h of the nanotube on the lattice vectors a 1 and a 2 of the honeycomb lattice, i.e. C h = na 1 + ma 2 .
By convention, a 1 and a 2 are taken along the two armchair chains as shown in Fig. 2 .
The radius of this tubule writes
Here a is the length of the primitive vector of the flat layer. The NT chirality is measured by the angle
] enclosed by C h and the closest of the three armchair chains in the flat graphene sheet. The special cases corresponding to (n, 0) and (n, n) are the zigzag and armchair configurations, respectively.
The fundamental property of an infinitely long NT is ostensibly its translational periodicity, described by the translational vector T pointing along the axial direction of the NT.
In the unrolled representation, the translational vector T is orthogonal to C h . While the precise expression of T can be found in literature 32 , what matters here is that it points into a direction which is distinct from one of the glide directions of the graphene sheet, Fig. 2 .
The underlying assumption is that during the rolling process of the unit cell delineated by T and C h , the translational symmetry is preserved even though the bond lengths and angles between atoms will change due to finite curvature effects. The infinitely long NT structure is then described with:
where X j are the coordinates of the atoms located in the unit cell. Integer ζ indexes the unit cell replica.
An ideal NT possesses also helical symmetry, described in the unrolled representation by screw vectors comprised of both rotational and translational components, i.e. with components along both C h and T. One such vector is the Burgers vector b 3 = a 1 − a 2 , shown in Fig. 2 . By evaluating its axial and circumferential components, one obtain that screw vector b 3 is associated with a θ 0 angular rotation and a T 0 axial translation given by
The makeup of helical CNTs was depicted by Iijima in a another way, namely by the NT that undergoes a twist of a lattice per unit length given by
Here, b = i|b 3 | is the magnitude of the Burgers vector. According to equation (1), the twist rate for an one-atom thick tube, where inner and outer radii coincide, is γ
. This means that the twist rate calculated under pure rolling assumption, as given in (5), converges to continuum membrane elasticity result when the tube radius increases (valid for i < n). Even for the extreme case of zigzag NT (i = n) the calculated twist rate of
is very close to continuum predictions. What is useful in the screw-dislocation construction based on the nearly-axial glide is that under the helical repetition rule indicated by b 3 , one can alternatively describe any NT from this family based on the same 4n atoms contained in the small translational unit cell of the armchair (n, n) NT. Let X j be the atomic positions in the open ring, after the axial glide took place. Positions X j,ζ of the atoms located in the objective cell replica indexed by integer ζ are then obtained with
The rotational matrix Q and the axial vector T 0
describe the helical transformation indicated by the screw vector b 3 .
We emphasize that other views of chiral NTs as screw-dislocated achiral NTs are also possible. To address CNT growth 37 , another representation was proposed which connects (n, n) to (n, 0) NTs via glides along a 1 combined with removal of semi-infinite atom chains.
The representation used here based on Iijima's construction of helical NTs, has relevance in the torsional mechanical response 2 . It relates (n, n) armchair and (2n, 0) zigzag NTs without involving any edge component. 
where N s is the number of helical operations (typically ∞) over which the cyclic boundary 
where θ = ζθ 0 . Note that the d 3z 2 −r 2 orbitals are invariant because they are oriented along z axis, which is parallel to the NT axis.
The symmetry-adapted Bloch elements with different helical numbers of the TB Hamiltonian and overlap matrices vanish. Therefore, the eigenvalue problem becomes block diagonal and it can be solved separately for each block labeled by κ. As described elsewhere 26 , the total energy and the forces on each atom is then computed analytically using the HellmannFeynman theorem.
III. RESULTS
Using the DFTB symmetry-adapted theoretical framework, we have performed objective calculations on four NT families (n = 3, 6, 8, 10) generated by introducing axial screw dislocations in (n, n) NT structures. Additionally, a large collection of armchair and zig-zag NTs in the 1 − 4 nm diameter range was considered. For a comparison, the systematic calculations performed on BN and ZnO NTs, were supplemented with additional calculations carried out on selected small diameter CNTs.
The linear combinations of atomic orbitals were sampled for 50 κ values of the helical Bloch phase. The initial structural information for any NT is adopted from the rolled-up approximation, for which the free parameters θ 0 and T 0 can be obtained with the simple expressions given before. Next, the stress-free atomic positions and the actual DFTB Eshelby's twist parameters θ E and T E are identified by applying a conjugate gradient minimization procedure to the potential energy.
A. Optimized Nanotube Structures
One advantage of the current approach is that it enables us to separate the curvature from the chirality effects. The first goal is to determine how well the translational symmetry and the ideal rolled-up predictions hold. The results of our structural optimizations indicate that for small diameter chiral NTs, the axial relaxation under fixed angle θ 0 is not sufficient to obtain the stress-free states. As exemplified in Fig. 3 for the (3, 3) ... Unlike the flat layer, the structure of these narrow NTs is characterized by non-equal bond-lengths and bond-angles. The data for (4, 2) NTs summarized in Table I , detail the significant departure from the bond lengths and angles given by the rolled-up prediction. The most circumferentially-oriented bonds are the most affected. For example, while the rolledup prediction gives a 1.399Å length for the most circumferential bonds in a (4,2) CNT, the DFTB relaxations obtained a 1.430Å value. Such microscopic relaxations lead to differences not only between the optimized R and non-optimized R 0 radii, but also between the optimized θ E and T E and the non-optimized θ 0 and T 0 structural parameters. Hence, with respect to the the rolled-up construction, the (4,2) NT structures store both a circumferential and a helical pre-strain. Finally, (v) the γ stored in the NT's wall is both diameter and chirality dependent. It is significant only at the smallest diameters. As can be seen in Fig. 4 (d) and 5(d), γ is absent in the armchair and zig-zag NTs and it is maximal near the 15 0 chirality.
For a compact characterization of the NT structural parameters, we appeal to simple functional forms constructed based on symmetry arguments. At constant R, the developed anisotropy between special armchair and zig-zag directions implies that both the ε and γ pre-strains must have a 60 0 period in their chirality angle dependence. Additionally, we find that the radial scaling laws identified for ε * are suitable for ε and γ data as well. Indeed, Similar with BN NTs 41 , the electronic structure of ZnO NTs appears more sensitive to curvature than to chirality. The calculated bandgaps of all the ZnO NTs studied are displayed in Fig. 6 as function of their diameters. The bandgap increases with diameter.
Above ∼ 2 nm, it converges rapidly, regardless of chirality, to the 4.08 eV value of the flat layer. Below ∼ 2 nm in diameter, the bandgap begins to exhibit a weak dispersion after chirality, that becomes non-negligeable for the smallest diameter NT considered here, Fig. 6 (inset).
The electronic structures are stable against applied small twists. In objective MD, an arbitrary twist can be applied by varying θ E while keeping |T E | constant. Pure axial strain can be applied by varying |T E | and keeping constant θ E . Similarly, pure shear strain can be achieved by varying θ E and keeping constant |T E |. The adiabatic approximation, where forces on atoms are derived from the electronic ground state at each strain configuration, was used to study tensile and torsional deformations 36 . Our investigation was restricted to the linear elastic regime. The elastic constants were evaluated through second-order polynomial fits of the ground-state energy's dependence on strain.
The obtained size dependence of Young's modulus Y is displayed in Fig. 8(a) . The axial elasticity of BN NTs appears similar to the in-plane one of the flat BN sheet, apart from effects due the tube curvature. Indeed, above ∼ 2 nm in diameter Y is practically constant and takes the 850 GPa value. For 2R <∼ 2 nm Y gradually softens and remains insensitive to chirality. The calculated shear modulus (G) is shown in Fig. 8(b) . For 2R >∼ 2 nm, G converges quickly to the 370 GPa value. For 2R <∼ 2 nm there is a pronounced χ splitting with G bounded from above by zig-zag and from below by armchair BN NTs.
IV. DISCUSSION AND CONCLUSION
The objective molecular dynamics technique, which accounts for helical symmetry explicitly, allowed us to systematically investigate the screw dislocation mechanics in BN and ZnO mono-atomic layers. We addressed a large catalog of NTs and obtain scaling laws beyond the errors of the numerical procedures.
The results shown in Fig. 4 and 5 demonstrate qualitative similarity in the rolling traits for layered BN and non-layered ZnO materials. Differences are only qualitative, in scaling laws of pre-strains with the NT radius and in the magnitudes of pre-strains and wall bucklings.
ZnO NTs reveal smaller intrinsic twists than BN ones, but a larger buckling, as shown in Table II .
For both BN and ZnO with 2R >∼ 2 nm, we obtained that the screw dislocation mechanics gives a structure equivalent with the rolled-up construction one. This means that, as predicted by eq. (2) in the r = R limit, chiral NTs store only bending strain. The lack of shear strain energy in the NT wall once more 47 suggests the invalidity of the continuum shell idealization associated with the one-atom thick layer. For 2R <∼ 2 nm, the detailed structure analysis of our optimized NTs indicated a systematic departure from the rolledup construction manifested in radial, axial, and shear pre-strains that exhibit a common scaling with curvature. The presence of the shear strain, manifested into an intrinsic structural twist, removes the NT translational periodicity predicted by the rolled-up prediction.
Therefore, care must be exercised in future numerical studies of chiral nanotubes relying on standard translational symmetry.
The presence of the pre-strains in small diameter NTs, indicate that the NT wall stores not only bending but also in-plane axial and shear strain energy. The discrepancy with the prediction given by eq. (2) in the r = R limit is due to the loss of isotropy in the NT wall.
It is useful to realize that the axial and shear pre-strains observed in smaller diameter NTs are ultimately related to the significant distortion of the hexagonal lattice symmetry.
The calculated elastic moduli of BN NTs presented in Fig. 8 reveal that Young's modulus is only curvature dependent, while shear modulus G presents both curvature and chirality dependence. The behavior at 2R <∼ 2 nm, unequivocally shows that isotropy is lost, since the continuum isotropic relation 23 G=Y /2(1 + ν) with ν the Poisson ratio, cannot be used.
isotropic relation between G and Y if fulfilled with ν = 0.15.
In the case of CNTs, the origin of the intrinsic twist was attributed 35 to the well known sensitivity of the electronic states to torsion 38 . The BN and ZnO NT studied here exhibit lack of electronic states sensitivity to chirality and twist. The common scaling of the axial, shear, and radial prestrain with curvature, allows us to attribute the intrinsic twist solely to the curvature effect. The presence of pre-strains in (4,2) CNT documented in Table I and in a previous work 45 , suggests that curvature plays a prime role in the development of intrinsic twist in CNTs. 
